Abstract. We show that if (X t , F t ) t∈∆ is a family of foliations with reduced singularities on a smooth family of surfaces, then invariance of plurigenera h 0 (X t , mK Ft ) holds for sufficiently large m. On the other hand, we provide examples on which the result fails, for small values of m.
Introduction
The aim of this paper is to study invariance of plurigenera for foliations on algebraic surfaces.
Both the study of the plurigenera of a manifold and the theory of foliations play a major role in birational geometry. Indeed, on the one hand Siu's Theorem on invariance of plurigenera [Siu98, Siu02] represents one of the most celebrated results in higher dimensional geometry. The result states that if X → ∆ is a smooth family of projective manifolds over the disk ∆ with fibre X t at t ∈ ∆, then the plurigenera h 0 (X t , O Xt (mK Xt )) does not depend on t ∈ ∆ (see also [Pȃu07] ). This generalizes the well-known fact that the genus of a smooth curve is constant under smooth deformations. Apart of its own interest, Siu's proof introduces new methods, such as new extension theorems, which had a major impact on some of the recent developments in birational geometry.
On the other hand, thanks to the work of Miyaoka [Miy87] , the theory of foliations plays an important role in the Minimal Model Program in dimension three, as it is needed to solve some of the crucial cases of the abundance conjecture for threefolds (see also [K + 92, Chapt. 9]). It is therefore natural to ask whether the classical results in birational geometry, such as invariance of plurigenera, hold in the more general theory of foliations.
If X is a smooth surface, a foliation F on X corresponds to a rank one subbundle T F ⊆ T X . Its canonical divisor K F is the divisor associated to the dual of T F . If F has reduced singularities then the Kodaira dimension κ(F ) coincides with the Kodaira dimension of its canonical divisor κ(K F ) (see section 2 for more details).
Remarkably, McQuillan [McQ08] was able to reproduce some of the main results of the minimal model program for surfaces to the case of foliations. Similarly, Brunella [Bru01] showed that if (X t , F t ) t∈∆ is a family of foliations on surfaces with reduced singularities, then the Kodaira dimension κ(F t ) does not depend on t. The following step is therefore to understand to what extent the dimension h 0 (X t , mK Ft ) depends on t ∈ ∆.
The goal of this paper is to provide an answer to the question above. More specifically, we prove: Theorem 1.1. Let (X t , F t ) t∈∆ be a family of foliations with reduced singularities.
(1) If κ(F t ) = 0 for any t ∈ ∆, then for any m ∈ N the dimension h 0 (X t , O Xt (mK Ft )) does not depend on t ∈ ∆; (2) If κ(F t ) = 1 and F t is induced by an elliptic fibration then for any sufficiently large positive integer m the dimension h 0 (X t , O Xt (mK Ft )) does not depend on t ∈ ∆; and (3) If κ(F t ) = 1 and F t is not induced by an elliptic fibration for any t ∈ ∆ then for any positive integer m the dimension h 0 (X t , O Xt (mK Ft )) does not depend on t ∈ ∆; and (4) If κ(F t ) = 2 for any t ∈ ∆, then for any sufficiently large positive integer m the dimension h 0 (X t , O Xt (mK Ft )) does not depend on t ∈ ∆.
Note that by Brunella's result above, for each family of foliations (X t , F t ) t∈∆ with nonnegative Kodaira dimension, either κ(F t ) = 0 for any t ∈ ∆, or κ(F t ) = 1 for any t ∈ ∆ or κ(F t ) = 2 for any t ∈ ∆. Furthermore we show that, in cases (2) and (4), the invariance of h 0 (X t , mK Ft ) fails for small values of m. Indeed, we provide examples of families of foliations such that h 0 (X t , K Ft ) is not constant as t ∈ ∆. In the proof of the theorem above, we extensively use McQuillan's results on the minimal model program for foliation on surfaces and the classification of the singularities of the canonical model of a foliation with pseudo-effective canonical divisor.
As an immediate consequence of Theorem 1.1, we obtain the following:
Corollary 1.2. Let (X t , F t ) t∈∆ be a family of foliations with reduced singularities. Then, for any sufficiently large positive integer m, the dimension h 0 (X t , O Xt (mK Ft )) is constant for all t ∈ ∆.
Preliminary results
We work over the field of complex numbers C. We refer to [KM98] for some of the notations and basic results in birational geometry. A foliation F on a n-dimensional smooth projective variety X is given by a a coherent subsheaf T F of the tangent bundle T X of X which is is closed under the Lie bracket and is such that the quotient T X /T F is torsion free. We denote by Ω F = T * F the cotangent sheaf of F and by K F = c 1 (Ω F ) the canonical divisor of F . The singular locus of F , denoted by Sing F , is defined as the set of points of X on which T X /T F is not locally free. By Frobenius Theorem, around any point p ∈ X outside the singular locus of F , the germ of T F coincides with the relative tangent bundle of a germ of a smooth fibration X ⊇ U → C q , where p ∈ U. The dimension of F is defined as n − q. We now recall some basic facts about foliations over a surface (see [Bru00] for more details). Let X be a smooth surface. A foliation F of dimension 1 on X is given by a short exact sequence
where T F and N F are line bundles and I Z is an ideal sheaf supported on a finite set. The line bundle T F is the tangent bundle of F . The line bundle N F is the normal bundle of F , while its dual N * F is the conormal bundle. The support of O X /I Z coincides with Sing F . Equivalently, a foliation on X is the data of {(U i , v i )} i∈I where {U i } i∈I is a covering of X, v i is a vector field on U i with only isolated singularities and there exist g ij ∈ O * (U i ∩ U j ) such that
for each i, j ∈ I.
The cocycle g ij defines K F as a line bundle. A curve C ⊆ X is said to be F -invariant if the pull-back of v i along C ∩ U i is zero for each i ∈ I. If p is a singular point of F and v is a vector field that defines F around p , then the eigenvalues of the linear part (Dv)(p) are defined up to multiplication by a non-zero constant. The point p is a reduced singularity if at least one of the eigenvalues of (Dv)(p) is non-zero and their quotient is not a positive rational number.
Let π :X → X be a proper birational morphism within smooth surfaces and let E be the exceptional curve. Then the foliation F induces a foliation onX\E which can be extended to a foliation onX with isolated singularities. We denote this foliation by π * F .
Theorem 2.1 (Seidenberg). Let F be a foliation on a smooth surface X. Then for any p ∈ Sing(F ) of F , there exists a sequence of blow-ups π :X → X over p such that the foliation π * F has only reduced singularities in a neighborhood of π −1 (p).
Given a foliation F on a smooth surface X, we define the Kodaira dimension of F as the Kodaira dimension of K π * F where π is as in Theorem 2.1 and we denote it by κ(F ). It is easy to check that κ(F ) does not depend on the resolution π. In particular, we say that F is of general type if κ(F ) = 2. Foliations of general type appeared several times in the literature, e.g. if X = P 2 , then the foliations of general type on X were studied by Pereira in [Per02] .
In this paper, we consider families of foliations defined over a smooth family of surfaces. Since Theorem 2.1 does not generalize to threefolds, we assume that all the foliations of the family are reduced:
Definition 2.2. [Bru01, Def. 1] A family of foliations with reduced singularities (X t , F t ) t∈∆ (or a family of foliations, for short) is the data of
• a smooth morphism π : X → ∆, where X is a smooth complex variety and ∆ is the complex disc, whose fibres X t are projective surfaces, for all t ∈ ∆; • a foliation F of dimension 1 on X such that (1) F is tangent to the fibres of π; (2) the singular set Sing F of F is of pure codimension 2 in X and cuts every fibre in a finite set; and (3) for any t ∈ ∆, the foliation F t = F | Xt is a foliation whose singularities Sing F | Xt = Sing F ∩ X t are reduced.
Note that 2.2(1) is needed to ensure that F t is a foliation of dimension 1 on X t for all t ∈ ∆ and 2.2(3) is needed to ensure the existence of a canonical divisor of the foliation K F on X such that
for any t ∈ ∆. Example 3.8 shows that the invariance of the Kodaira dimension does not hold without hypothesis 2.2(3). Under the assumptions above, we have:
t∈∆ be a family of foliations on surfaces with reduced singularities. Then κ(F t ) does not depend on t.
Let C be a curve on a smooth surface X. The arithmetic Euler characteristic of C is given by
Note that if C is smooth, then it coincides with the usual Euler characteristic. Let F be a foliation on X and let p ∈ C be a point. If none of the components of C is F -invariant, we define the index of tangency of F to C at p as follows. Let {f = 0} be a local reduced equation of C around p, let v be a local holomorphic vector field generating F around p. Then,
where v(f ) is the Lie derivative of f along v. We have tang(F , C, p) = 0 except on the finite subset of points of C where F is not transverse to C. Thus, we define tang(F , C) = p∈C tang(F , C, p).
Proposition 2.4. [Bru00, Prop. 2, Chapt. 2] Let F be a foliation on a smooth surface X and which admits only reduced singularities. Let C be a curve on X whose components are not F -invariant. Then
and
We now consider a curve C whose components are all F -invariant. If p ∈ C is a singular point of F , {f = 0} is a local equation for C at p and ω is a holomorphic 1-form that defines F around p, then we may write gω = hdf + f η, for some holomorphic 1-form η and holomorphic functions g, h such that h and f are coprime. We define
If p is a reduced singularity, then Z(F , C, p) ≥ 0 by [Bru99] . Let
Proposition 2.5. Let F be a foliation on a smooth surface X and which admits only reduced singularities. Let C be a curve on X whose components are F -invariant. Then C has only normal crossing singularities and the following hold:
Formula (3) is usually referred as the Camacho-Sad formula. Definition 2.6. [Bru00, Chapt. 5] Let F be a foliation on a smooth surface X and which admits only reduced singularities. We say that a curve C in X is F -exceptional if (1) C is a smooth rational curve of self-intersection −1; (2) the contraction of C to a point p gives a new foliation such that p is either a regular point or a reduced singular point for F .
In particular, the foliation F is said to be relatively minimal if F admits only reduced singularities and there are no F -exceptional curves on X.
If F is a foliation on X with reduced singularities, then there exists a birational morphism X → X ′ onto a smooth surface X ′ such that the induced foliation F ′ on X ′ is relatively minimal. Note that if π : X → X is the contraction of an F -exceptional curve C onto a point p and F is the induced foliation on X then by [Bru00, Chapt. 5], it follows that either F is regular at p and K F = π * K F + C or F is singular at p and K F = π * K F . Thus, we have that
for all positive integers m.
By the following result, F -exceptional curves can be extended locally:
Lemma 2.7. Let (X t , F t ) t∈∆ be a family of foliations and let t 0 ∈ ∆ be such that F t 0 admits an F t 0 -exceptional curve E t 0 ⊆ X t 0 . Then there exists a neighborhood t 0 ∈ U ⊆ ∆ and a smooth hypersurface E ⊆ π −1 (U) transverse to the fibres of π such that E t = E ∩ X t is an F t -exceptional curve for any t ∈ U.
In particular, there exists a birational morphism ν : X U → X ′ U over U which defines a factorization . Note that if E t 0 is a (−1) curve in X t 0 , then it is a K X -negative extremal curve in X and therefore there exists a birational morphism X → Y over U which contracts E. Let η : Y → U be the induced morphism and, for any t ∈ U, let Y t = η −1 (t). Since E| Xt is F t -exceptional, the induced foliation on Y t admits reduced singularities for all t ∈ U. Thus, the claim follows after repeating the argument finitely many times.
We now consider a relatively minimal foliation F on a surface X such that K F is pseudoeffective. Then, we denote the Zariski decomposition of K F by
where P is the positive part and N is the negative part of K F . McQuillan shows that there exists a contraction X → X ′ onto a surface X ′ with Kawamata log terminal singularities, which contracts all the curves contained in the support of N. More precisely, we define:
Definition 2.8. [Bru00, Chapt. 8] Given a foliation F on a surface X, we say that a curve C is an F -chain if
(1) C is an Hirzebruch-Jung chain, be a relatively minimal foliation on a smooth surface X, such that K F is pseudo-effective. Let K F = P + N be the Zariski decomposition.
Then the support of N is a disjoint union of maximal F -chains and ⌊N⌋ = 0. In particular, there exists a contraction X → X ′ onto a surface X ′ with Kawamata log terminal singularities, which contracts all the curves in the support of N. Let F be a foliation on a smooth surface X. Assume that F admits only reduced singularities and that κ(F ) = 0. Let K F = P + N be the Zariski decomposition of K F .
Then P is a torsion divisor.
By a result of Brunella, the Zariski decomposition of the canonical divisor of a foliation is well behaved in families:
Proposition 2.11. [Bru01, Prop. 1 and 2] Let (X t , F t ) t∈∆ be a family of foliations of nonnegative Kodaira dimension. Then there exists an effective Q-divisor N on X such that N t = N| Xt is the negative part of the Zariski decomposition of K Ft for any t ∈ ∆.
In addition, if there exists s ∈ ∆ such that (X s , F s ) is relatively minimal, then there exists an open set s ∈ U ⊆ ∆ such that the components of N meet the surfaces X t transversally in chains of rational curves.
As a consequence, we have: Lemma 2.12. Let (X t , F t ) t∈∆ be a family of foliations of non-negative Kodaira dimension. Let N t be the negative part of the Zariski decomposition of K Ft .
Then, the least common multiple of the denominators of N t does not depend on t ∈ ∆.
Proof. Let m t be the least common multiple of the denominators of N t . We will prove that m t is locally constant. Fix s ∈ ∆. Let U ⊆ ∆ be the neighborhood of s and
be the factorization of π whose existence is guaranteed by Lemma 2.7. By Proposition 2.11, modulo shrinking U, there exists an effective Q-divisor
is the negative part of the Zariski decomposition of K Ft and the components of N ′ t meet the fibres of π ′ transversally. Thus, the least common multiple m ′ t of the denominators of N ′ t does not depend on t ∈ U. On the other hand, for any t ∈ U there exists an effective integral exceptional divisor E t such that Let F be a foliation on a smooth surface X. Assume that F is of general type and let
be the Zariski decomposition of K F . We want to show that if C is a curve such that P · C = 0, then C is F -invariant. We assume first that C is such that K F · C = 0 and assume by contradiction that C is not F -invariant. Then, Proposition 2.4 implies
which is a contradiction because a big divisor cannot have intersection zero with a movable curve. We now consider the general case. To this end, we consider a variation of [McQ08, Lemma III.1.1]:
Proposition 2.13. Let F be a relatively minimal foliation on a smooth surface X such that K F is pseudo-effective. Let ε : X → Y be the contraction of all the components of the negative part of the Zariski decomposition of K F . Let C be a curve on X which is not F -invariant, let C be its image in Y and let
We first prove the following:
Lemma 2.14. Let ε : X → Y be a birational morphism within surfaces with only Kawamata log terminal singularities and assume that ε contracts a chain of rational curves F 1 , . . . , F k . Let L be a Q-Cartier divisor on X and let C be a curve on X such that
Proof. We may write
for some ε-exceptional divisor G. If G ≥ 0 then the claim follows immediately. Therefore we may assume that G is not effective and by the Negativity Lemma, there exists i = 1, . . . , k such that G · F i > 0 and the coefficient of G along F i is negative. Thus, (L + C) · F i < 0 and in particular we must have i = 1 and C · F 1 = 0. We may write G = −αF 1 + G 1 for some α > 0 and some ε-exceptional divisor G 1 whose support does not contain F 1 . There exists a morphism f : X → X 1 which contracts only the curve F 1 and such that ε factors through f . Let L 1 = f * L and
. Thus, the claim follows by induction on k.
Proof of Proposition 2.13. We proceed by induction on the number of connected components of the exceptional locus of ε. By Theorem 2.9, any connected component of the exceptional locus of ε is a maximal
Thus, the claim follows by induction, by proceeding as above for each connected component of the exceptional locus of ε.
Proposition 2.15. Let F be a relatively minimal foliation of general type on a smooth surface X. Let K F = P + N be the Zariski decomposition of K F and let C be a curve such that
Proof. Assume that C is not F -invariant. Let ε : X → Y be the contraction of all the components of N and let K = ε * K F and C = ε * C. Then,
Since K is big, we have C 2 < 0. On the other hand, Proposition 2.13 implies
The following Theorem is proved in [McQ08] .
Theorem 2.16. [McQ08, Thm. 2] Let F be a relatively minimal foliation of general type on a smooth surface X. Let K F = P + N be the Zariski decomposition of K F and let Z be the union of all the curves C such that P · C = 0. Then Z is the union of:
(1) the support of N; (2) disjoint chains of rational curves none of which is contained in the support of N; (3) cycles Γ of rational curves such that Sing(F ) ∩ Γ coincides with the singular locus of Γ; and (4) single rational nodal curves Γ such that Sing(F ) ∩ Γ coincides with the singular locus of Γ. Moreover, a chain C of type (2) is either disjoint from SuppN or there exist exactly two connected components of SuppN, each of which consists of a smooth rational curve E i of self-intersection −2, with i = 1, 2, and such that both E 1 and E 2 meet C transversally along the same tail C of C on the points p 1 and p 2 , so that the intersection is transverse and
Remark 2.17. By Proposition 2.15, any curve C such that P · C = 0 is F -invariant. Since any point lying in the intersection of two F -invariant curves is a singular point, the cycles of rational curves and the nodal curve appearing in Theorem 2.16 do not meet any other F -invariant curve. In particular they do not meet any component of SuppN.
Definition 2.18. A connected component of type (2) and (3) of Theorem 2.16 is called an elliptic Gorenstein leaf (e.g.l. for short).
The following theorem due to McQuillan will play a key role in the proof of our main results:
Let F be a relatively minimal foliation on a smooth surface X. Let Γ be an elliptic Gorenstein leaf. Then K F | Γ is not a torsion divisor.
We recall the outline of the proof for the reader's convenience.
Outline of the proof. The proof consists of three steps. Let Γ = ∪Γ i be the irreducible components of Γ and let p i = Γ i−1 ∩ Γ i be the singular points. First, it is possible to show that there exists a covering {∆ α , ∆ p i } of Γ, where ∆ p i is an open set which contains the singular point p i and such that the cocycles g αβ and h αβ of the line bundles N F | Γ and O Γ (−Γ) respectively, satisfy the relations
Then, it is possible to show that there exists a positive integer m such that
Finally, using Camacho-Sad formula ((3) of Proposition 2.5) we obtain a contradiction.
Foliations and fibrations.
When a surface is endowed with a fibration, the study of foliations on the variety becomes simpler. In particular two types of foliations play a key role in the case of Kodaira dimension one: foliations induced by fibrations and foliations transverse to fibrations.
2.2.1. Elliptic fibrations. We first recall some of the basic notions for the canonical bundle formula for an elliptic fibration (e.g. see [Amb04, pag. 236] for more details). Let X be a smooth surface and let f : X → C be an elliptic fibration onto a curve C. Let f ′ : X ′ → C be the relatively minimal elliptic fibration associated to f , obtained by blowing-down any possible sequence of vertical (−1)-curves. Thus, we obtain a diagram:
The discriminant of f is defined by (2.1)
where, for any p ∈ C,
where M C is a Q-divisor on C which denotes the moduli part in the canonical bundle formula of f [Kod64] . In particular, deg M C ≥ 0 and the equality holds if and only if f is isotrivial.
We may write,
where the sum runs over the points p such that the fibre F of f ′ over p is a multiple fibre of multiplicity m p , that is, f ′ * p = m p F red , where F red is the reduced divisor associated to f * p.
is an integral divisor on C. Thus, if we denote by {M C } the fractional part of M C , then
Furthermore, by [Kod64] , it follows that (2.4) 12M C is Cartier and |12M C | is base point free.
We will often use Kodaira's classification of the singular fibres of an elliptic fibration. In particular, if p ∈ C is such that the fibre f * p is singular and b p = 1 − γ p is the coefficient of B C along p, then the fibre f −1 (p) is of one of the following types:
and the corresponding values of b p are:
Remark 2.20. Let X be a smooth surface and let f : X → C be an elliptic fibration onto a curve C and assume that all the fibres of f are normal crossing. Let ε : X → X ′ be the relative minimal elliptic surface associated to f and let f ′ : X ′ → C be the induced fibration. We may write
We may write
Then the log canonical threshold γ p is computed on X and it is equal to
It follows that there exists a unique divisor D ⊆ f −1 (p) where the minimum is attained, i.e. such that
Indeed, after possibly contracting a sequence of (−1) curves contained in f −1 (p) and which meet the rest of the fibre in at most two points, we may assume that f is minimal such that f −1 (p) is normal crossing and in this case, the proof follows from the classification of singular fibres in an elliptic fibration.
2.2.2.
Foliations induced by fibrations. Let X be a smooth surface and let f : X → C be a fibration onto a smooth curve. The fibration induces a foliation F whose leaves are contained in the fibres of f . The canonical divisor of F is (cf. [Bru00, Chapt. 2, section 3])
where the sum runs over all the irreducible curves D contracted by f and l D denotes the ramification order of f along D, i.e. for any p ∈ C we have
Remark 2.21. Let F be a foliation on a smooth surface X induced by a fibration f : X → C onto a curve C. Then Proposition 2.5, combined with the arguments in [Bru00, pag. 70], implies that F admits only reduced singularities, if and only if all the fibres of f are simple normal crossing.
If a foliation F is induced by an elliptic fibration, then we can give a precise description of the Zariski decomposition of K F .
Lemma 2.22. Let F be a foliation induced by an elliptic fibration f : X → C on a smooth surface X. Assume that F admits only reduced singularities and that K F is pseudoeffective.
Then,
(1) for any p ∈ C, there exists a neighborhood U of f −1 (p) such that
where F red denotes the reduced divisor associated to f * p; and (2) if K F = P + N is the Zariski decomposition of K F , then
where M C is the moduli part in the canonical bundle formula.
Proof. Let ε : X → X ′ be the relative minimal elliptic surface associated to f and let f ′ : X ′ → C be the induced fibration.
Then
where M C is the moduli part in the canonical bundle formula and B C is the discriminant. Since F has only reduced singularities, Proposition 2.5 implies that the fibres of f have normal crossing singularities. Thus, as in Remark 2.20, we have
where
In particular, if p ∈ C and U is a sufficiently small neighborhood of f −1 (p) then
is an effective divisor whose support does not contain any fibre. Indeed, for any p ∈ C and for any prime divisor
and the equality holds for any D such that
Since SuppΨ does not contain any fibre, it follows that Ψ = N and P = f * M C . Thus, (2) follows.
2.2.3. Foliations transverse to a fibration. Let X be a smooth surface and let f : X → C be a fibration onto a curve C. Let F be a foliation on X which is transverse to f , that is, such that the general fibre F of f is not F -invariant and K F · F = 0. Thus, there exists an effective divisor D tan (cf. [Bru97, p. 573, Lemme 4]), whose support is contained in the set of F -invariant curves contained in the fibres of f and such that
whereN is the negative part of the Zariski decomposition and γ is the largest effective
Lemma 2.23. With the notation introduced above, let γ = γ p p and let p ∈ C be such that γ p ∈ Q\Z. Then the support ofN contains all the components D of f * p that are reduced (i.e. such that l D = 1).
LetD be a reduced component of f * p. Then (2.7) implies
Since aD is an integer and γ p is not, it follows that cD = 0, as claimed.
Definition 2.24. A foliation F on a smooth surface X and which is transverse to a fibration f : X → C whose general fibre is a rational curve is called a Riccati foliation.
Definition 2.25. A foliation F on a smooth surface X and which is transverse to an elliptic fibration f : X → C is called a turbulent foliation.
Remark 2.26. If F is a turbulent foliation associated to an elliptic fibration f : X → C, then f is isotrivial [Bru00, pag. 64]. In particular, it follows that f does not admit fibres of type I b and I * b for b ≥ 1. Proposition 2.27. [Bru00, pag. 69-70]. Let X be a smooth surface and let F be a turbulent foliation on X which is transverse to the elliptic fibration f : X → C. Assume that F admits only reduced singularities. Let p ∈ C and let F red be the reduced divisor associated to f * p.
Then F red is normal crossing and there exists a neighborhood U of f −1 (p) such that
Corollary 2.28. Let X be a smooth surface which admits an elliptic fibration f : X → C. Let F be either a turbulent foliation on X which is transverse to f or the foliation induced by f . Let B ′ C be the Q-divisor on C defined in (2.2). Assume that F admits only reduced singularities and that K F is pseudo-effective. Let K F = P + N be the Zariski decomposition of K F and assume that ⌊N⌋ = 0.
* p is a multiple fibre for some p ∈ C, then the reduced divisor associated to F is a smooth curve of genus one.
Proof. Let ε : X → X ′ be the relative minimal elliptic surface associated to f and let f ′ : X ′ → C be the induced fibration. We have
By (1) of Lemma 2.22 and Proposition 2.27, it follows that for all p ∈ C, there exists a neighborhood U of f −1 (p) such that
where F red denotes the reduced divisor associated to f
Since F | U ∼ 0 it follows that if γ p is the log canonical threshold of X ′ with respect to f ′ * p, then
On the other hand, we have that since F admits only reduced singularities, F red is normal crossing and as in Remark 2.20, we have
It follows that
In particular, since by assumption ⌊N⌋ = 0, we have that if p / ∈ SuppB ′ C then γ p = 1 and N| U = 0.
On the other hand, if p ∈ SuppB Remark 2.20 also implies that there exists a unique irreducible component
. Thus, (3) follows.
Assume now that f * p is a multiple fibre for some p ∈ C and let F red be the reduced divisor associated to F . Suppose that F red is not irreducible. By remark 2.26, f −1 (p) is not of type I b or I * b for b ≥ 1. Then by the classification of the singular fibres of an elliptic fibration, it follows that there exists a (-1)-curve E 0 contained in f −1 (p) which meets F red − E 0 transversally in either one or two points. Thus,
In
Thus, E 0 is contained in the support of ⌊N⌋, a contradiction. Thus, F red is a smooth curve of genus one and (4) follows.
2.2.4. Isotrivial fibrations. Give a smooth surface X, we consider an isotrivial fibration ϕ : X → C over a curve C and whose general fibre F has genus greater than one. Then there exists a curve G and a group Γ acting on G and F such that, if we consider the diagonal action of Γ on G × F , then C = G/Γ and there exists a birational morphism ε : X → (G × F )/Γ which defines a factorization of ϕ. In particular, the induced diagram 
Let D = F/Γ. Then the induced morphism ψ : X → D is a fibration which is called transverse to ϕ. Note that ψ is also an isotrivial fibration with general fibre isomorphic to G. We will assume that the genus of G is greater than one. For any p ∈ D and for any prime divisor E ⊆ ψ −1 (p), we denote by l E the ramification index of ψ along E, so that ψ * p = l E E. Thus, we define D ψ = (l E − 1)E. Similarly, we define D ϕ . Furthermore, if Z is the reduced divisor on X whose support coincides with the exceptional locus of ε, we have
Lemma 2.30. With the notation introduced above, we have that the morphism ϕ is the Iitaka fibration of K X/D − D ψ and the morphism ψ is the Iitaka fibration of
Let F be the general fibre of ϕ. Then, if Z is the reduced divisor on X whose support coincides with the exceptional locus of ε, Theorem 2.29 implies
Thus, it follows that ϕ is the Iitaka fibration of
Thus, given an isotrivial fibration ϕ : X → C as above and the associated transverse fibration ψ : X → D, there are two foliations on X which are naturally associated to ϕ. Indeed, we denote by G the foliation induced by ϕ and by F the foliation induced by ψ. By (2.5), we have (2.9)
In particular, Lemma 2.30 and Proposition 2.4 imply that tang(F , F ) = 0 and therefore F is transverse to ϕ. Similarly, G is transverse to ψ. Let Z be the reduced divisor on X whose support coincides with the exceptional locus of ε. Theorem 2.29 implies (2.10)
Therefore, if D F ,tan is the effective divisor associated to F as defined in (2.6), we have
Lemma 2.31. With the notation introduced above, we have that:
(1) F and G have reduced singularities; (2) F and G are relatively minimal if and only if X is the minimal resolution of (F ×G)/Γ; (3) the support of the negative part in the Zariski decomposition of K F coincides with the exceptional locus of ε; and (4) if p ∈ C then there exists a unique component E of the fibre ϕ * p which is not Finvariant and all the other components are contained in the exceptional locus of ε.
Proof. Remark 2.21 and Theorem 2.29 imply (1) and (2).
We now show (3). Let C 1 , . . . , C m be a maximal Hirzebruch-Jung chain contained in the exceptional locus of ε. Then, only one tail, say C m intersect the rest of the fibre and, in particular, we have that C 1 , . . . , C m are F -invariants and such that Z(F , C 1 ) = 1 and Z(F , C i ) = 2 if i = 2, . . . , m. Proposition 2.5 implies that K F · C 1 = −1 and K F · C i = 0 for i = 2, . . . , m. Let ε : X → X ′ be the birational morphism which contracts C 2 , . . . , C m . Then there exists a Cartier divisor K on X ′ such that K F = ε ′ * K. We have K · ε ′ * C 1 = K F · C 1 = −1 and in particular ε ′ * C 1 is contained in the support of the negative part of the Zariski decomposition of K. Thus, C 1 , . . . , C m are contained in the support of the negative part of the Zariski decomposition of K F and (3) follows.
Finally, (4) follows from the fact that any fibre of the morphism (F × G)/Γ → C = G/Γ is irreducible and its strict transform on X is the only reduced component in the fibre ϕ * p which is not F -invariant. Theorem 2.32. Let F be a foliation with reduced singularities on a smooth surface and such that κ(F ) = 1. Then F is one of the following:
(1) a Riccati foliation; (2) a turbulent foliation; (3) a foliation induced by a non-isotrivial elliptic fibration; or (4) a foliation induced by an isotrivial fibration of genus ≥ 2.
Proof of the main results
Let (X t , F t ) t∈∆ be a family of foliations on surfaces with reduced singularities. Our goal is to prove that for any sufficiently large positive integer m, the plurigenera h 0 (X t , mK Ft ) does not depend on t ∈ ∆ By Theorem 2.3, we can analyse separately the three cases (a) κ(F t ) = 0 for all t ∈ ∆; (b) κ(F t ) = 1 for all t ∈ ∆; and (c) κ(F t ) = 2 for all t ∈ ∆ 3.1. Kodaira dimension 0. We begin with case (a) above:
Proposition 3.1. Let (X t , F t ) t∈∆ be a family of foliations such that κ(F t ) = 0 for any t ∈ ∆. Then for any positive integer m, the dimension h 0 (X t , mK Ft ) does not depend on t ∈ ∆.
Proof. Let K Ft = P t + N t be the Zariski decomposition of K Ft . By Lemma 2.12, the Cartier index m 0 of N t does not depend on t ∈ ∆. By [McQ08] (see also [Bru00, Thm. 2, Chapt. 8] ), the Cartier divisor m 0 P t is a torsion divisor. In particular, the torsion index l does not depend on t ∈ ∆. Hence, for all t ∈ ∆ we have
Thus, the claim follows.
3.2. Kodaira dimension 1. We now consider case (b) above. Given a family of foliations (X t , F t ) t∈∆ of Kodaira dimension 1, we first prove that the foliations F t are all of the same type: either F t is Riccati for all t, or turbulent for all t, or induced by a non-isotrivial elliptic fibration for all t, or by an isotrivial fibration of curves of genus greater than 1 for all t (see Proposition 3.3). Then, we show that, for any t ∈ ∆, there exists a fibration ϕ t : X t → C t onto a curve C t such that ϕ * t δ t is the positive part of the Zariski decomposition of K Ft for some ample Q-divisor δ t on C t such that the degree of δ t and the genus of C t do not depend on t ∈ ∆. Finally, for every such case, we show the invariance of the plurigenera h 0 (X t , mK Ft ) for a sufficiently large positive integer m.
We begin with the following basic and more general result:
Lemma 3.2. Let π : X → ∆ be a smooth family of surfaces and let P be a nef Q-divisor such that P | Xt is of Kodaira dimension 1 for any t ∈ ∆. For any t ∈ ∆, let X t = π −1 (t) and
Then there exists a fibration ϕ t : X t → C t onto a smooth curve C t and an ample Q-divisor δ t on C t such that P t = ϕ * t δ t and both the degree of δ t and the genus of the general fibre of ϕ t do not depend on t ∈ ∆.
Moreover, for any t 0 ∈ ∆ and for any general point x ∈ X t 0 there exists a neighborhood ∆ ′ ⊆ ∆ of t 0 and a surface R ⊆ π −1 (∆ ′ ) such that R ∩ X t is a smooth fibre of ϕ t for any t ∈ ∆ ′ .
Proof. By assumption, we have that P t is semi-ample for all t ∈ ∆ and in particular there exists a fibration ϕ t : X t → C t onto a smooth curve C t and an ample Q-divisor δ t on C t such that P t = ϕ * t δ t . After possibly shrinking ∆, we may assume that the stable base locus of P is contained in the fibre X 0 = π −1 (0) and in particular, if X * = X \X 0 , then P | X * is semi-ample. Thus, there exists a factorization
where, for each t ∈ ∆ \ {0}, we have C t = ν −1 (t). Let x ∈ X 0 be a general point. After possibly shrinking ∆ further, we may assume that there exists a curve Γ ⊆ X such that the induced morphism π| Γ : Γ → ∆ is an isomorphism and Γ meets X t transversally for each t ∈ ∆. Let Γ * = Γ \ X 0 and let R * = ϕ −1 (ϕ(Γ * )). Then, for each t ∈ ∆ \ {0}, we have that R * ∩ X t is a fibre of ϕ t . Let R be the closure of R * in X . Then R contains Γ and in particular R ∩ X 0 contains x. Furthermore, we have that
for any t ∈ ∆ \ {0}, Since P | X 0 is of Kodaira dimension 1 and x ∈ X 0 is a general point, it follows that R| X 0 is also a fibre of ϕ 0 . In particular, the genus of the general fibre of ϕ t does not depend on t ∈ ∆. Furthermore, there exists a positive rational number α such that for each t ∈ ∆, P t is numerically equivalent to αR Xt . Thus, the degree of δ t does not depend on t ∈ ∆. The second part of the Lemma follows by repeating the argument above, after possibly replacing t 0 by 0.
We now show that the type of the foliation is preserved. A similar argument also appeared in [Bru01, pag. 130 ].
Proposition 3.3. Let (X t , F t ) t∈∆ be a family of foliations such that κ(F t ) = 1 for any t ∈ ∆. Then all the F t are of the same type, i.e. there are 4 possibilities:
(1) F t is a Riccati foliation transverse to a fibration ϕ t : X t → C t for all t ∈ ∆ (cf.
Definition 2.24); (2) F t is a turbulent foliation transverse to a fibration ϕ t : X t → C t for all t ∈ ∆ (cf.
Definition 2.25); (3) F t is induced by a non-isotrivial elliptic fibration ϕ t : X t → C t for all t ∈ ∆; (4) F t is not Riccati or turbulent and it is induced by an isotrivial fibration ϕ t : X t → C t of genus ≥ 2 for all t ∈ ∆.
Furthermore, in the cases (1), (2) and (3) the genus g(C t ) of the curve C t does not depend on t ∈ ∆.
Proof. We first prove that the class of the foliation F t does not depend on t ∈ ∆. We may write K F = P +N where N ≥ 0 is the Q-divisor whose existence is guaranteed by Proposition 2.11. Let t ∈ ∆. By Theorem 2.32, F t is one of the following:
Note that, by (2.6), if F t is of type (1) or (2), then it is transverse to ϕ t and similarly, by (2.5), if F t is of type (3) or (4) then it is induced by ϕ t .
By Lemma 3.2 the genus of the general fibre of ϕ t does not depend on t ∈ ∆. Thus, if F t is of type (1) or (4) for some t ∈ ∆, then this condition is preserved for all t ∈ ∆ and we may assume that F t is either turbulent or induced by a non-isotrivial elliptic fibration.
We now assume that there exists t 0 ∈ ∆ such that F t 0 is turbulent. Since κ(F t 0 ) = 1, not all the F t -invariant curves are compact as otherwise F t 0 would be induced by an isotrivial fibration over an elliptic curve and K Ft 0 would be of Kodaira dimension zero. Since having compact fibres is a closed property (e.g. see [Jou78] ), it follows that there exists a neighborhood ∆ ′ ⊆ ∆ of t 0 such that for all t ∈ ∆ ′ the F t -invariant curves are non-compact and, in particular, F t is turbulent.
We now assume that there exists t 0 ∈ ∆ such that F t 0 is induced by a non-isotrivial elliptic fibration. By Lemma 3.2, for any general point x ∈ X t 0 , after possibly shrinking ∆, we may find a surface R ⊆ X such that x ∈ R and for all t ∈ ∆ \ t 0 , the curve R ∩ X t is a general fibre of the fibration ϕ t : X t → C t induced by F t . In particular, it follows that if ϕ : X t → C t is isotrivial for the general t ∈ ∆ then also ϕ t 0 is isotrivial, a contradiction. Thus, there exists a neighborhood t 0 ∈ ∆ ′ ⊆ ∆ such that for all t ∈ ∆ ′ the foliation F t is induced by a non-isotrivial foliation.
It follows that the foliations F t are all of the same type, for all t ∈ ∆.
We now prove that in the cases (1), (2) and (3), the genus of C t does not depend on t ∈ ∆. If F t is either Riccati or it is induced by a non-isotrivial elliptic fibration, then the Leray spectral sequence implies that
and the claim follows. Let us assume that F t is turbulent for all t ∈ ∆. By Lemma 2.7, after possibly shrinking ∆, we may assume that F 0 is relatively minimal. By Theorem 2.9, it follows that ⌊N| X 0 ⌋ = 0 and after possibly shrinking ∆ again, Proposition 2.11 implies that ⌊N| Xt ⌋ = 0 for all t ∈ ∆.
Let B Ct be the discriminant of ϕ t (cf. (2.1)) and let B 
. In both cases, we obtain that g(C t ) is constant. Thus, the claim follows.
Proposition 3.4. Let (X t , F t ) t∈∆ be a family of foliations induced by non-isotrivial elliptic fibrations ϕ t : X t → C t over a curve C t of genus g. Then for any sufficiently large positive intger m, the dimension h 0 (X t , mK Ft ) does not depend on t ∈ ∆.
In Example 3.9, we show that in general the claim does not hold if m = 1.
Proof. We want to show that for any m ≥ 24g − 12 the dimension h 0 (X t , mK Ft ) is locally constant. Fix s ∈ ∆. By Lemma 2.7, there exists a neighborhood U ⊆ ∆ of s such that, if X U = π −1 (U), then we can find a birational morphism
t∈U is the induced family of foliations, then F ′ s is relatively minimal. By Proposition 2.11, after possibly shrinking U, there exists an effective Q-divisor
and the components of N t meet the fibres of π ′ transversally. In particular, the number of connected components of SuppN t does not depend on t ∈ U. Without loss of generality we may assume U = ∆ and X = X ′ U . Theorem 2.9 implies that ⌊N t ⌋ = 0 for all t ∈ ∆.
For each t ∈ ∆, let
−→ C t be the minimal elliptic fibration associated to ϕ t . Let B Ct and M Ct be the discriminant and the moduli part in the canonical bundle formula of ϕ t (cf. (2.1)). Then, Lemma 2.22 implies that
where E t ≥ 0 is ε t -excetional for each t ∈ ∆. Lemma 3.2 implies that
do not depend on t ∈ ∆. Since by assumption the genus of C t does not depend on t ∈ ∆, also deg B Ct does not depend on t ∈ ∆. For any t ∈ ∆, let B ′ Ct be the Q-divisor on C t defined as in (2.2). By (2.3), we have Supp{M Ct } = SuppB ′ Ct . After possibly shrinking ∆ again, we may assume that if ∆ ′ = ∆ \ {0} and X ′ = π −1 (∆ ′ ) then P | X ′ is semi-ample and it defines a morphism
where, for each t ∈ ∆ ′ , the induced morphism on X t coincides with ϕ t . After possibly shrinking ∆ again, we may assume that the support of B ′ Ct , for t ∈ ∆ ′ , defines a curve B on C ′ such that each connected component of B is irreducible. By (3) of corollary 2.28, for each irreducible component B 1 , . . . , B k of B, we have that ϕ * (B i ) can be written as
where the components E j i are contained in the support of N and, in particular, they cannot meet. LetD i be the Zariski closure of D i in X , for i = 1, . . . , k. Since, for all t ∈ ∆ ′ , we have
it follows thatD i | X 0 is a fibre of ϕ 0 . Since the components of N do not meet,D i andD j do not meet for all i = j. By (2) of Corollary 2.28 the coefficient 1 − c i of B i | Ct does not depend on t because it coincides with the coefficient of N t along E t , where E t is a component of multiplicity 1 of the fibre D i | Xt . Thus, for any t ∈ ∆ there exist distinct p
Thus, for any positive integer m the degree of ⌊mM Ct ⌋, does not depend on t ∈ ∆ and we may choose m sufficiently large so that deg⌊mM Ct ⌋ ≥ 2g − 1. Note that, for all t ∈ ∆, we have
is not a multiple fibre and by the classification of the singular fibres of an elliptic fibration, it must contain a reduced component. It follows that f * (⌊mM Ct ⌋) is the positive part of the Zariski decomposition of ⌊mP t ⌋ and we have
Thus the claim follows.
Proposition 3.5. Let (X t , F t ) t∈∆ be a family of Riccati or turbulent foliations transverse to the fibration ϕ t : X t → C t for all t ∈ ∆. Then for any positive integer m, the dimension h 0 (X t , mK Ft ) does not depend on t ∈ ∆.
Proof. We want to show that h 0 (X t , mK Ft ) is locally constant. Fix s ∈ ∆. By Lemma 2.7, we may assume that F s is relatively minimal. Let N ≥ 0 be the Q-divisor on X whose existence is guaranteed by Proposition 2.11, such that, if we denote P = K F − N, P t = P | Xt and N t = N| Xt then K Ft = P t + N t is the Zariski decomposition of K Ft for all t ∈ ∆. By Theorem 2.9, we have that ⌊N s ⌋ = 0. By Proposition 2.11, after possibly shrinking ∆, we may assume that N meets the fibres of π transversally in chains of rational curves and that ⌊N t ⌋ = 0 for all t ∈ ∆. By (2.6), there exists an effective divisor D t tan + D ϕt contained in the fibres of ϕ t which are F t -invariant and such that
Thus, there exists a Q-divisor γ t on C t such that D t tan + D ϕt = ϕ * t γ t + N t for any t ∈ ∆. By Lemma 3.2 the degree of γ t is constant.
For all t ∈ ∆, we may write
Pick t 0 ∈ ∆. We may assume t 0 = 0. After possibly shrinking ∆, we may assume that the stable base locus of P is contained in the fibre X 0 = π −1 (0) and in particular, if X * = X \ X 0 , then P | X * is semi-ample. Thus, there exists a factorization
where, for each t ∈ ∆ \ {0}, we have C t = ν −1 (t). Thus, there exists an ample Q-divisor δ on C * such that δ| Ct = δ t for all t ∈ ∆ \ {0}. We want to show that the components of ϕ * t p such that the coefficient γ p,t is not integral do not meet as t approaches 0. Let p ∈ C 0 be such that γ p,0 is rational but not integral. Then either ϕ * t 0 p is a multiple fibre or it admits a reduced component D. We first assume that ϕ * t 0 p is a multiple fibre. In particular, ϕ t 0 is an elliptic fibration and, by Proposition 3.3, F t is turbulent for all t ∈ ∆. By (4) of Corollary 2.28, the divisor N t 0 does not meet the multiple fibres and we may write ϕ * t 0 p = qF for some positive integer q > 1 and a smooth curveF of genus one. In particular, if NF /Xt 0 denotes the normal bundle ofF in X t 0 we have that
and thereforeF is a stable submanifold in the sense of Kodaira [Kod63] . Thus, after possibly shrinking ∆, we may assume that there exists a surface D ⊆ X such that D| Xt 0 =F . It follows that multiple fibres cannot meet. We now assume that ϕ * t p is not a multiple fibre and it contains a reduced component D. By Lemma 2.23, SuppN t contains all the reduced components of ϕ * t p. Moreover, if C 1 , C 2 are connected components of SuppN such that C 1 | Xt , C 2 | Xt are contained in two different fibres of ϕ t for some t ∈ ∆, then Proposition 2.11 implies that C 1 | Xt , C 2 | Xt are chains of rational curves which are contained in two different fibres of ϕ t for all t ∈ ∆. Indeed, assume by contradiction that there exists t 0 ∈ ∆ and C 1 , . . . , C h , C h+1 , . . . , C k connected components of SuppN such that
2 . By Lemma 2.23, the chains C i | Xt contain all the reduced components of F t 1 for i = 1 . . . h for t = t 0 . It follows that the same condition is preserved for t = t 0 . Since ϕ t is a fibration by rational or elliptic curves, there exists a component of F t 2 with coefficient 1. Thus, there exists a component of a chain C i with i = h + 1 . . . k that degenerates to a rational curve with multiple coefficient, which is a contradiction because the chains C i meet the fibres of π transversally.
By Proposition 3.3, the genus g(C t ) does not depend on t. Thus,
does not depend on t ∈ ∆ and the claim follows.
Proposition 3.6. Let (X t , F t ) t∈∆ be a family of foliations which are not Riccati or turbulent and they are induced by isotrivial fibrations of genus g ≥ 2. Then for any positive integer m, the dimension h 0 (X t , mK Ft ) does not depend on t ∈ ∆.
Proof. We want to show that h 0 (X t , mK Ft ) is locally constant. Let N ≥ 0 be the Q-divisor on X whose existence is guaranteed by Proposition 2.11, such that, if N t = N| Xt then K Ft = P t + N t is the Zariski decomposition of K Ft , for all t ∈ ∆. Fix s ∈ ∆. By Proposition 2.11, after possibly shrinking ∆, we may assume that N meets the fibres of π transversally in chains of rational curves and that ⌊N t ⌋ = 0 for all t ∈ ∆.
By Theorem 2.29, for all t ∈ ∆, there exist two fibrations ϕ t : X t → C t and ψ t : X t → D t over curves C t and D t with fibres having normal crossing singularities and such that F is transverse to φ t and it is induced by ψ t . Since F t is not Riccati nor turbulent, we have that the general fibres of ϕ t and ψ t have genus greater than one. By (2.9) and Lemma 2.30, it follows that ϕ t is the Iitaka fibration of K Ft for all t ∈ ∆.
By (2.6) there exists effective divisors D t tan and D ϕt contained in fibres of ϕ t such that
By Lemma 2.31 there exists a divisor D tan on X such that for all t ∈ ∆
After possibly shrinking ∆, we may assume that if ∆ * = ∆\{0} and X * = X \ X 0 , then we have a factorisation
such that for all t ∈ ∆ * the restriction of ϕ to X t coincides with ϕ t . We may also assume that there exists a divisor D ϕ on X * such that D ϕ | Xt = D ϕt . By Lemma 3.2, we have that P t = ϕ * t (K Ct + γ t ) for some Q-divisor γ t on C t such that deg(K Ct + γ t ) does not depend on t ∈ ∆. We claim that deg γ t ≥ deg γ 0 for all t ∈ ∆. Indeed, by (4) of Lemma 2.31, the fibres of ϕ t whose support is singular contain components of N t . The components of D ϕ that correspond to multiple fibres do not collide nor they meet components corresponding to singular fibres because the self-intersection of the reduced part of a multiple fibre is nilpotent but non-trivial and the structure is preserved for all t ∈ ∆. Moreover, by (4) of Lemma 2.31 if
for i = 1, . . . , k are two families of singular fibres of ϕ t for t ∈ ∆ * , then there exists a unique component E i,1 such that E i,1 | Xt is not contained in the support of N t . LetD i be the Zariski closure of D i in X . ThenD 1 andD 2 do not meet because the components of N do not meet. Thus, there exist positive rational numbers c 1 , . . . , c k such that for all t ∈ ∆ there exist distinct points p 1,t , . . . , p k,t which form irreducible curves on C * and such that t γ t = c i p i,t for all t ∈ ∆ * (3.1) and γ 0 ≥ c i p i,0 . Thus, the claim follows and, in particular, g(C 0 ) ≤ g(C t ). The fibrations ϕ t define a family of foliations with reduced singularities. Indeed they define a foliation on X , the fibres of ϕ t have simple normal crossings for all t ∈ ∆ by Theorem 2.29. Furthermore, (2.10) and (2.11) imply
By Lemma 2.30, ψ t is the Iitaka fibration of K Gt . As above, after possibly shrinking ∆, we
Then g(C t ) is constant and γ ′ 0 = 0. By (3.1), the degree deg⌊mγ t ⌋ does not depend on t ∈ ∆. Thus,
3.3. Foliations of general type. It remains to study the invariance of plurigenera for foliations of general type. The main ingredients used in the proof are Theorem 2.19, Theorem 2.16, Kawamata-Viehweg vanishing theorem and the study of the Zariski decomposition of ⌈mP t ⌉.
Proposition 3.7. Let (X t , F t ) t∈∆ be a family of foliations such that κ(F t ) = 2 for any t ∈ ∆. Then for any sufficiently large positive integer m, the dimension h 0 (X t , mK Ft ) does not depend on t ∈ ∆.
Proof. In the course of the proof, we denote by {D} the fractional part of a Q-divisor D. We divide the proof in 6 Steps:
Step 1. By Lemma 2.7, after possibly shrinking ∆, we may assume that F 0 is relatively minimal, where 0 ∈ ∆ corresponds to the central fibre X 0 . By Lemma 2.11, we may write
such that for any t ∈ ∆, if we denote P t = P | Xt and N t = N| Xt then
is a Zariski decomposition of K Ft . After possibly shrinking ∆ further, by Lemma 2.11 we may assume that the components of N meet the fibres X t transversally in chains of rational curves. In particular, we have
for any t ∈ ∆. It is enough to prove that h 0 (X t , ⌈mP t ⌉) ≥ h 0 (X 0 , ⌈mP 0 ⌉) for any t ∈ ∆. We denote by i the Cartier index of P t . By Lemma 2.12, i does not depend on t ∈ ∆.
Step 2. Let E 1 , . . . , E k be the irreducible components of N and let
By Theorem 2.9, E t i is a smooth rational curve. In particular, the self-intersection (E t i ) 2 is a negative number which does not depend on t ∈ ∆.
Thus, if ν t : X t → Y t is the contraction of SuppN t , then there exists an effective Q-divisor Θ on X , whose coefficients are contained in (0, 1) ∩ Q and whose support is contained in the support of N, such that
Step 3. For any positive integer m, let
be the Zariski decomposition of ⌈mP t ⌉. Note that m , for any t ∈ ∆.
Step 4. Let Γ 1 , . . . , Γ p be all the elliptic Gorenstein leaves contained in the central fibre X 0 . By Theorem 2.16, there exist C 1 , . . . , C q disconnected chains of rational curves in X 0 such that
Since the curves Γ 1 , . . . , Γ p do not intersect the support of N 0 , Theorem 2.19 implies that for any positive integer m the sheaf
has degree zero and is not torsion. Thus p 2 , with p 1 , p 2 ∈ C distinct points. Moreover, if C is of type B, then p i belong to a connected component E C i of SuppN 0 which is a smooth rational curve of self-intersection -2, for i = 1, 2. In particular, the coefficient of Θ 0 along E C i is zero for i = 1, 2. For any positive integer m, we have
if C is of type B and m is even 1 if C is of type B and m is odd.
Let h i be positive integers so that
where the sum runs over all the curves C ⊆ ∪C i of type B. We first prove the following:
It is enough to show that h 1 (H, ⌈mP 0 ⌉ − h i E i ) = 0 for any irreducible component C 0 of is zero, we have that
and, in particular,
Thus, also in this case, we have h 1 (C 0 , ⌈mP 0 ⌉ − h i E i ) = 0. Finally, if C 0 is of type B and m is odd, similarly as above we have deg(
and in particular deg(
Consider now the short exact sequence
Thus, we have:
Step 5. SetP 0 = ν 0 * P 0 . By the Negativity Lemma, it follows that P 0 = ν * 0P 0 . Let a be a positive integer. By Step 3, we have that
, where, as above, the sum is over all the curve C of type B. Note that for each curve C 0 ⊆ X 0 such that P 0 · C 0 = 0 we have that We denote m = a + bi. In particular, by
Step 3 we have that
m . In addition, ⌈mP 0 ⌉ = biP 0 + ⌈aP 0 ⌉.
is an effective divisor with coefficients in the interval (0, 1) and whose support is contained in the support of N 0 . On the other hand, P
) is big and nef. Thus, Kawamata-Viehweg vanishing theorem implies
Then, by Step 4, we have
In particular,
Step 6. In Step 4 we defined
Note that, since the coefficient of Θ are contained in the interval (0, 1), and for each curve C of type B, the curves E C 1 and E C 2 are not contained in the support of Θ 0 , it follows that
Thus, we have that
m ⌉ for any t ∈ ∆. By the properties of the Zariski decomposition,
) for all t ∈ ∆. Note that since P t is big and nef for all t ∈ ∆, if m is sufficiently large then Serre duality implies that
for all t ∈ ∆, concluding the proof of the Proposition.
We are now ready to prove our main Theorem:
Proof of Theorem 1.1. Proposition 3.1 implies (1). Proposition 3.3 together with Propositions 3.4, 3.5 and 3.6 imply (2) and (3). Finally, Proposition 3.7 implies (4).
3.4. Some Examples. We now show three examples on which invariance of plurigenera does not hold. We begin by providing an example of a family of foliations which does not satisfy hypothesis (3) of Definition 2.2 and for which the Kodaira dimension is not constant:
Example 3.8. Let f j,t 0 for j = 1, 2 be a homogeneous polynomial of degree four which is the product of a linear factor l and a factor c j of degree 3 such that {c j = 0} is a smooth cubic f j,t 0 = l · c j .
Let f j,t 1 for j = 1, 2 be a homogeneous polynomial of degree four such that {f j,t 1 = 0} is a smooth quartic. Assume that f j,t 0 and f j,t 1 are such that
• for any f j,t ∈ {tf j,t 0 + (1 − t)f j,t 1 | t ∈ ∆\{0}} the curve {f j,t = 0} is a smooth quadric;
• for any t = 0 the curves {f 1,t = 0} and {f 2,t = 0} meet transversally;
• the curves {c 1 = 0} and {c 2 = 0} meet transversally in 9 points p 1 , . . . , p 9 ;
• for any t = 0 the curves of the pencil P t = {uf 1,t + vf 2,t = 0 [u : v] ∈ P 1 } are all irreducible and reduced. The base points of the pencils P t form 16 curves B i meeting the fibres transversally. Assume that the curves B i pass through p l+1 , . . . , p 9 and let B 17 , . . . , B 16+l be smooth curves meeting P 2 × {0} transversally in p 1 , . . . , p l . Let us consider X ε − → P 2 × ∆ → ∆ the blow-up of P 2 ×∆ along the curves B i . For any t ∈ ∆\{0} we have a fibration f t : X t → P 1 whose general fibres are the strict transforms of the elements of P t . On X 0 we have a fibration f 0 : X 0 → P 1 whose fibres come from the pencil generated by c 1 and c 2 . Let H be a hyperplane section in P 2 . For any t = 0, the fibre f * t p is the strict transform of a curve in the pencil, thus
Thus for any t = 0
In this case the canonical divisor is nef and big. On the other hand, if t = 0 and p is generic
Then for t = 0 the canonical divisor K F 0 is not big. Note that the foliation we obtain is induced by a fibration on each fibre, but there does not exist a globally defined fibration which induces the foliation.
We now show an example of a family of foliations (X t , F t ) t∈∆ of Kodaira dimension one, which are induced by nonisotrivial elliptic fibrations and such that h 0 (X t , O Xt (K Ft )) is not constant, for t ∈ ∆.
Example 3.9. Let C be a curve of genus at least 2. Let p 0,t , p 1,t be two families of points on C, with t ∈ ∆, such that p 0,0 = p 1,0 and p 0,t = p 1,t for any t = 0. The line bundle
defines an elliptic fibration ϕ t : X t → C such that its moduli part is M C,t = K C + p 0,t − p 1,t and with discriminant B C,t = 0 for any t ∈ ∆ (cf. (2.1)). Let F t be the foliation associated to ϕ t . By Remark 2.21, the singularities of F t are reduced and therefore they define a family of foliations (X t , F t ) t∈∆ . We have
and the latter vector space has dimension g if t = 0 and strictly less than g if t = 0.
Note that elliptic Gorenstein leaves (cf. Definition 2.18) never appear on foliations of general type induced by fibrations over a curve. Indeed, let F be a foliation of general type on a surface X induced by a fibration f : X → C over a curve C. Assume by contradiction that there exists an e.g.l. Γ on X. Since Γ is F -invariant, Γ is contained in a fibre F of f . Since the fibres of f are connected, Remark 2.17 implies that Supp(Γ) = Supp(F ). Since K F · Γ i = 0 for any curve contained in the support of Γ, it follows that K Ft · F = 0, which is a contradiction because K Ft is big and the fibres form a covering family.
Nevertheless, even for foliations of general type induced by fibrations, invariance of plurigenera does not hold for small values of m, as our example below shows.
Example 3.10. Let C be a smooth curve of genus g ≥ 2. Let L be a line bundle on C = C ×∆ such that, if we denote L t = c 1 (L| C×{t} ), then
and let p : Z = P(E) → C. Let η : Z → ∆ be the induced morphism. For any t ∈ ∆, we denote by p t : Z t := η −1 (t) → C the restriction morphism. We have K Zt/C = −3ξ t + p * t (L t ) where ξ t = c 1 (O Et (1)). Let ξ = c 1 (O E (1)). The linear system |4ξ| is base point free and in particular the general element X ∈ |4ξ| is smooth. Let π : X → ∆ be the induced morphism and let X t = π −1 (t). Then, the morphism X → C defines a regular foliation F on X such that if F t is the restriction of F to X t then (2.5) implies that K Ft = K Xt/C = (ξ t + p * t (L t ))| Xt for all t ∈ ∆. Note that F t is a foliation of general type. We want to show that h 0 (X t , K Ft ) is not constant.
The dimension
is not constant by our choice of L. Therefore. it is enough to show that
t (L t ))) to get a counter-example.
Pick t ∈ ∆. By the exact sequence obtained by restriction, we have
On the other hand, by Serre duality h 1 (Z t , O Zt (K Zt/C )) = h 2 (Z t , O Zt (p * t K C )) and the latter dimension is zero by the Leray spectral sequence. Thus, the claim follows.
